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We study the cavity mode frequencies of a Fabry–Pe´rot cavity containing two vibrating dielectric membranes.
We derive the equations for the mode resonances and provide approximate analytical solutions for them as a
function of the membrane positions, which act as an excellent approximation when the relative and center-of-
mass position of the two membranes are much smaller than the cavity length. With these analytical solutions,
one finds that extremely large optomechanical coupling of the membrane relative motion can be achieved in the
limit of highly reflective membranes when the two membranes are placed very close to a resonance of the inner
cavity formed by them. We also study the cavity finesse of the system and verify that, under the conditions of
large coupling, it is not appreciably affected by the presence of the two membranes. The achievable large values
of the ratio between the optomechanical coupling and the cavity decay rate, g/κ, make this two-membrane
system the simplest promising platform for implementing cavity optomechanics in the strong coupling regime.
PACS numbers: 42.50.Lc, 42.50.Ex, 42.50.Wk, 85.85.+j
I. INTRODUCTION
Opto- and electro-mechanical systems in which a nanome-
chanical resonator is coupled to an optical or microwave cav-
ity mode have been recently operated in the quantum regime
by exploiting the so called linearised regime where the ef-
fective optomechanical interaction is enhanced by strongly
driving the selected cavity mode [1–7]. In this regime the
system dynamics is linear and one is typically restricted to
the manipulation and detection of Gaussian states of opti-
cal and mechanical modes [8]. However, there is a strong
interest in realizing optomechanical devices able to reach
the strong single-photon optomechanical coupling regime [9–
11], where the nonlinear nature of the radiation pressure
coupling would allow the demonstration of novel phenom-
ena. In fact, if the single-photon optomechanical coupling is
large enough, the nonlinear dispersive nature of the radiation-
pressure interaction would allow the observation of photon
blockade [12], the generation of mechanical non-Gaussian
steady states [13, 14], nontrivial photon statistics in the pres-
ence of coherent driving [15–17], quantum non-demolition
measurement [18], single-photon detection [19], and quantum
gates [20, 21] at the single photon/phonon level. A further
possibility is to use single photon optomechanical interferom-
etry in this strong coupling regime for generating and detect-
ing quantum superpositions at the macroscopic scale, eventu-
ally exploiting post-selection [22–27].
The standard path for reaching the strong single-photon op-
tomechanical coupling regime is to consider co-localised opti-
cal and vibrational modes [9–11], with a large spatial overlap
confined in very small volumes, corresponding to mechani-
cal modes with extremely small effective mass. An alternative
solution, capable of providing systems with a large ratio be-
tween the single-photon optomechanical coupling rate g and
the cavity decay rate κ, is to exploit quantum interference in
multi-element optomechanical setups [28, 29]. In this case
g/κ can be increased by orders of magnitude even in more
massive systems. Here we study in detail such a constructive
interference enhancement in the simplest case of two paral-
lel membranes within an optical cavity. We derive and solve
the equation for the optical cavity mode resonance frequen-
cies. The behaviour of these frequencies as a function of the
center-of-mass (CoM) and relative distance of the two mem-
branes provides a complete description of the optomechanical
properties of the system and will allow us to establish which
are the parameters to tune in order to reach large g/κ values.
In such a two-membrane optomechanical system, the de-
pendence of the cavity mode frequencies on the positions of
the membranes is central to the description of the system,
since it determines the optomechanical couplings [30]. How-
ever, we know that the mode equation is transcendental and
cannot be solved analytically. The cavity resonance in such a
system has been first studied in Ref. [31], in which approxi-
mate analytical solutions of the mode equation are obtained in
a perturbative manner. However, the solutions there are pro-
vided for only a few particular membrane positions, i.e., the
equilibrium positions of the membranes are not left as free
parameters in the optical frequencies. In this article, we in-
stead provide approximate analytical solutions that work in
more general situations, i.e., the optical mode frequency is
a function of the CoM Q and the relative position q of the
two membranes. With these analytical approximations, one
can straightforwardly derive the optomechanical coupling for
the CoM and the relative motion of the two membranes. We
find that the optomechanical coupling of the latter can be
significantly increased in the case of high-reflectivity mem-
branes, Rm → 1, when the two membranes are positioned
such that the inner cavity they form is resonant. Such a cou-
pling saturates to the value corresponding to the inner cavity,
g ∝ ω0/q (ω0 is the cavity frequency) for very small q, as
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2already shown in Refs. [28, 29]. These latter references fo-
cused on the scaling of the optomechanical coupling with the
membranes at certain predefined fixed positions, without ana-
lyzing the generic dependence of the optical mode frequency
versus the membrane positions along the cavity axis. More-
over they did not analyze in detail the effect of the membrane
positions onto the cavity finesse. On the contrary, here we
derive also an analytical expression for the cavity finesse ver-
sus the relative position q of the two membranes. In particu-
lar, we have verified that the cavity finesse, and therefore the
cavity decay rate, is not appreciably altered by the two mem-
branes under the strong coupling condition; as a consequence
g/κ may be significantly increased, so that the two-membrane
system is a promising candidate for the realisation of strong-
coupling optomechanics. The present paper sheds new light
on an experimentally-feasible instance of the optomechanical
arrays studied in Refs. [28, 29], which research it comple-
ments by providing analytical approximations to the proper-
ties and behaviour of the cavity around resonance.
The remainder of this paper is organized as follows. In
Sec. II we derive the exact equation for the cavity mode res-
onances in the presence of two membranes, we provide the
approximate analytical solutions, and compare them with the
numerical results. In Sec. III we discuss the optomechani-
cal coupling and provide approximate analytical formulas for
such a coupling. Furthermore, we study the cavity finesse in
the presence of the two membranes, especially in the large
coupling regime. Finally, we reserve Sec. IV for some con-
cluding remarks.
II. CAVITY RESONANCES
As shown in Fig. 1, we consider two movable dielectric
membranes placed inside a Fabry–Pe´rot cavity with length L,
which is driven by an external laser. The Fabry–Pe´rot cavity
is composed of two mirrors with electric field reflection and
transmission coefficients r1,2 and t1,2. For simplicity, the cav-
ity mirrors are assumed identical, i.e., r ≡ r1,2 and t ≡ t1,2;
FIG. 1: Schematic diagram of the system: Two movable dielectric
membranes are placed inside a Fabry–Pe´rot cavity of length L which
is driven by an external laser. The position of two fixed mirrors
(movable membranes) is denoted by q0 and q3 (q1 and q2); we have
Li = qi − qi−1 (i = 1, 2, 3), with q0,3 = ∓L/2.
however, the results obtained in this paper can be extended in
a straightforward way to the more general case of nonidenti-
cal mirrors. The reflection and transmission coefficients of a
dielectric membrane of thickness Lm and index of refraction n
are given by [32]
rm =
(n2 − 1) sin β
(n2 + 1) sin β + i 2n cos β
,
tm =
2n
(n2 + 1) sin β + i 2n cos β
,
(1)
where β = nkLm, and k = 2pi/λ is the wavenumber of the
electric field; λ is its wavelength. In order to simplify our
calculations, we assume that the membranes are identical.
The optical resonance frequencies correspond to the max-
ima of transmission of the whole cavity. The electric field
amplitudes A j of incident ( j = in), reflected ( j = ref), and
transmitted ( j = tran) waves, as well as for the fields in the
cavity ( j = 1, 2, . . . , 6), satisfy the following equations:
A1 = i t Ain + r A2eikL1 ,
A2 = i tmA4eikL2 − rmA1eikL1 ,
A3 = i tmA1eikL1 − rmA4eikL2 ,
A4 = i tmA6eikL3 − rmA3eikL2 ,
A5 = i tmA3eikL2 − rmA6eikL3 ,
A6 = r A5eikL3 ,
Aref = i t A2eikL1 + r Ain,
Atran = i t A5eikL3 ,
(2)
where Li (i = 1, 2, 3) is the length of the subcavities formed by
the mirrors and the membranes, i.e., Li = qi−qi−1 (i = 1, 2, 3),
q0,3 = ∓L/2 (see Fig. 1), so that L = L1 +L2 +L3. We point the
reader to Ref. [33] for a similar approach in the case of a sin-
gle membrane. The above equations, together with Eqs. (1),
are valid for any value of the thickness Lm, in the ideal one-
dimensional case of plane waves, and flat and aligned mirrors
and membranes. It can be applied also to the case of Gaus-
sian cavity modes and spherical external mirrors as long as
the membranes are placed within the Rayleigh range of the
cavity. Membranes with very small absorption are available
and therefore we will restrict to the case of real n, implying
in particular arg(rm) = arg(tm) ≡ φ. Solving the above equa-
tions, the transmission Tc ≡ |tc|2 = |Atran/Ain|2 of the whole
cavity is given by
Tc = (1 − R)
2(1 − Rm)2
|D|2 , (3)
with
D = 1 − Rmei2kL2+i2φ + RRmei2k(L1+L3)+i2φ − Rei2kL+i4φ
+
√
RRm
[
ei2kL1+iφ + ei2kL3+iφ − ei2k(L1+L2)+i3φ
− ei2k(L2+L3)+i3φ
]
. (4)
We have taken r =
√
R, t =
√
1 − R, and Rm = √rmeiφ,
Tm =
√
1 − Rmeiφ, with R and Rm the reflectivity of the mirror
3and membrane, respectively. The external mirrors reflectivity
will be taken as a given fixed parameter, which for typical
high-finesse cavities is such that 1 − R ∼ 10−5. For standard
homogeneous membranes, the reflectivity Rm associated with
Eqs. (1) takes values of the order of 0.1–0.4, but patterned
sub-wavelength grating membranes [34] and photonic-crystal
membranes [35–38] have been recently fabricated, and values
up to Rm ' 0.998 have been achieved. Therefore Rm will be
taken as a variable parameter, eventually approaching 1, but
assuming in any case Rm < R. Re-expressing the quantities in
terms of the relative motion q = q2 − q1 and CoM coordinate
Q = (q1 + q2)/2, after some algebra, the denominator in the
transmission Tc, i.e. |D|2, can be expressed in the following
form
|D|2 = AX2(kL′) + BX(kL′) + C, (5)
where X(kL′) ≡ sin(kL′) − Rm sin(kL′ − 2kq′), and A, B,C are
the coefficients given by
A = 4R,
B = 8
√
RRm (1 + R) cos(2kQ) sin(kq′),
C = 8RRm cos(4kQ) sin2(kq′) − 2R(1 − Rm)2
+ (1 + R2)
[
1 − 2Rm cos(2kq′) + R2m
]
.
(6)
We have introduced the two parameters L′ ≡ L + 2φ/k and
q′ ≡ q + φ/k, which can be considered as the effective cavity
length and the effective membrane relative distance including
the effect of the phase shift due to each membrane.
The equations derived in this section give access to the op-
tical properties of a Fabry–Pe´rot cavity with two identical
membranes inside; we note in particular that the results of
Refs. [28, 29] are limited to cavities with perfect end-mirrors
(i.e., R = 1). In what follows we will use the above expres-
sions in experimentally-motivated limits to derive the optome-
chanical coupling strength for the relative motion of the two
membranes.
A. Derivation of the cavity mode resonance frequencies
In the case of perfectly reflecting mirrors, R = 1, the cavity
mode resonances are given by the zeros of the denominator in
the transmission Tc, which in this case reduces to
|D|2 = 4
[
X(kL′) + 2 √Rm cos(2kQ) sin(kq′)]2 , (7)
so that the explicit equation for the cavity mode wavevector k
reads
sin(kL′) − Rm sin(kL′ − 2kq′)
+ 2
√
Rm cos(2kQ) sin(kq′) = 0. (8)
This expression is closely related to Eq. (19) in Ref. [29]. In
the general case R < 1, the mode equation is obtained by
minimizing the denominator |D|2. From Eq. (5), it is straight-
forward to see that when X(kL′) = −B/2A, i.e.
sin(kL′) − Rm sin(kL′ − 2kq′)
+
1 + R√
R
√
Rm cos(2kQ) sin(kq′) = 0, (9)
Tc achieves its maximum value, that is
Tmaxc =
(1 − Rm)2
(1 − Rm)2 + 4Rm sin2(2kQ) sin2(kq′)
. (10)
Eq. (9) is therefore the exact equation for the cavity mode res-
onances, generalizing Eq. (8) to the case R ≤ 1. Eqs. (8) and
(9) cannot be solved analytically, but only numerically. How-
ever, in what follows, we show that excellent approximations
of the analytical solution of Eqs. (8) and (9) can be obtained
under physically interesting conditions. Eq. (8) can be cast
into the following form
A(kq′) sin(kL′) + B(kq′) cos(kL′) = F (kQ, kq′), (11)
whereA(kq′) = 1 − Rm cos(2kq′), B(kq′) = Rm sin(2kq′), and
F (kQ, kq′) = −2√Rm cos(2kQ) sin(kq′). We then divide both
sides of Eq. (11) by
√A2 + B2, and define O˜ = O/√A2 + B2,
O = A,B,F . |A˜| ≤ 1 and |B˜| ≤ 1 by definition, while it is
possible to explicitly verify that also |F˜ | ≤ 1 holds. Therefore,
we can rewrite Eq. (11) in the equivalent form
sin
[
kL′ + θ(kq′)
]
= F˜ (kQ, kq′), (12)
where we have introduced the explicit dependence upon the
variables kq′ and kQ,
F˜ (kQ, kq′) = − 2
√
Rm cos(2kQ) sin(kq′)√
1 + R2m − 2Rm cos(2kq′)
, (13)
and θ(kq′) = (−1)Step[−B(kq′)] arccos[A˜(kq′)], with Step(x) the
unit-step function which is equal to 0 for x < 0 and to 1 for x ≥
0. Note that since A(kq′) > 0, one has that θ(kq′) ∈ (− pi2 , pi2 ).
The step function is introduced due to the fact that when
B(kq′) is positive, θ(kq′) = arccos[A˜(kq′)] ∈ (0, pi2 ), while
when B(kq′) is negative, θ(kq′) = − arccos[A˜(kq)] ∈ (− pi2 , 0).
Notice that Eq. (12) is an equivalent form also for Eq. (9) with
an extremely good level of approximation, because 1+R√
R
' 2
for typical values of R.
Eq. (12) is equivalent to its formal solutions obtained by
inverting the sin function,
kL′ = mpi + (−1)m arcsin[F˜ (kQ, kq′)] − θ(kq′), (14)
where m = 1, 2, 3, . . . . The case without membranes in the
cavity corresponds to taking Rm = 0, implying F˜ (kQ, kq′) =
θ(kq′) = 0, when one obtains the standard empty cavity mode
solutions k(0)m = mpi/L. The insertion of the two membranes
within the cavity is responsible for a frequency shift of each
empty cavity mode, k = k(0)m +δkm. Since k
(0)
m = 2pi/λ = mpi/L,
and in typical experiments, m is a very large integer because
λ  L, this implies k(0)m  δkm, so that one can safely take
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FIG. 2: (a) Zeroth-order approximation δk(0) (in units of m−1) as a function of (q,Q) = (10.5λ + aλ, bλ) for Rm = 0.8, with a ∈ [−0.5, 0.5],
b ∈ [0, 1]. (b) δk(0) (curves) and exact numerical solution δk (dots) versus q = 10.5λ+aλ (Q = 0) for various values of the reflectivity: Rm = 0.5
(dashed curve; green dots), Rm = 0.8 (dot-dashed; blue dots) and Rm = 0.95 (dotted; red dots). (c) Exact numerical δk versus q = 10.5λ + aλ
(Q = 0) with membrane reflectivity very close to the limit Rm = 1. In practice we take Tm = 1 − Rm = 2 × 10−3 (black); 10−3 (grey); 10−4
(green); 10−5 (blue); 10−6 (red). The rest of the parameters are L = 1 cm, λ = 1064 nm, R = 0.9999, and φ = 0. Note that in (c) we consider
unrealistic high reflectivity of the membranes Rm > R in order to expose the saturation mechanism of the optomechanical coupling.
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FIG. 3: Comparison of the zeroth- and first-order approximations δk(0) (green solid curve) and δk(1) (blue dashed) with the exact numerical
solution of δk (orange dots) versus q = 200λ − φk(0) + aλ (Q = 100λ), for (a) Rm = 0.2, (b) Rm = 0.8, and (c) Rm = 0.99. We take φ = pi6 and the
other parameters are as in Fig. 2.
L′ ' L + 2φ
k(0)m
and q′ ' q + φ
k(0)m
. Inserting the expressions of k,
L′ and q′ into Eq. (14), the latter can be written as an equation
for the frequency shifts alone,
δkm = L−1
{
(−1)m arcsin[F˜ (k(0)m Q + δkmQ, k(0)m q′ + δkmq′)]
− θ(k(0)m q′ + δkmq′) − 2φ
}
≡ h(k(0)m + δkm). (15)
This equation is formally equivalent to the implicit equations
for the cavity mode frequencies and wave vector Eqs. (12)
and (14), but it suggests a natural route for an approximate
solution. In fact, we are looking for the frequency shift
δωm = cδkm around the optical frequency corresponding to
the driving laser, ω0 = ck
(0)
m . Since k
(0)
m  δkm, it is reasonable
to expand the right hand side of Eq. (15) as a Taylor series
around k(0)m ,
δkm = h(k(0)m ) + h
′(k(0)m )δkm +
1
2
h′′(k(0)m )δk
2
m + . . . . (16)
In what follows we drop the subscript m whenever it is deemed
unnecessary. It is possible to verify that the zeroth order solu-
tion δk(0) = h(k(0)) (see Fig. 2(a)) and the first order solution,
δk(1) = h(k(0))/[1 − h′(k(0))] provide a good approximate solu-
tion of the implicit equation Eq. (15) for not too large values
of q and Q, i.e., when q/L, |Q/L|  1, and for values of Rm
not too close to 1. This is explicitly shown in Fig. 2(b) where
the exact numerical solution of Eq. (15) is well reproduced by
the zeroth order solution in the case Q = 0 and q/L ' 10−3,
q ' 10λ. This is justified by the fact that one can rewrite
h′(k) =
Q
L
dQ +
q
L
dq, (17)
h′′(k) =
1
L
(Q2 dQ2 + q2 dq2 + 2Qq dQq) (18)
with dQ, dq, dQ2 ,dq2 , dQq dimensionless functions obtained
by differentiating with respect to kq and kQ. We have that
|dQ| ≤ 2, while dq, dQ2 , dq2 , and dQq can be large, especially
for highly reflective membranes, Rm → 1, but nonetheless
h′(k) can be kept limited provided that q/L, |Q/L|  1. This
latter condition can be easily realised experimentally because
one can always place the two membranes at the cavity center
Q = 0, and with a sufficiently small spacing between them,
q  L, i.e., forming an inner cavity much shorter than the
main one. Fig. 3 shows that both the zeroth and first order ap-
proximations match quite well with the numerical solution of
δk even for larger values of Q and q when Rm is not too close
to unity, and the first order solution is slightly better than the
zeroth order one when Rm is large. From Figs. 2 and 3, we
5see that different choices of φ only shift the curves in δk and
q axes without changing their pattern. In closing this section,
we note that known results are mostly limited to the discussion
of linear optomechanical coupling (however see Ref. [30] for
a notable exception); the results presented in this section give
access to coupling to higher powers of the displacement of the
membranes and may in fact be straightforwardly extended to
higher orders.
III. STRONG OPTOMECHANICAL COUPLING
An important and evident aspect of Fig. 2 is that it shows
that it is possible to achieve strong single-photon optomechan-
ical coupling when the two-membrane system is placed at
an appropriate configuration. In fact, Fig. 2(b) shows that
a large single-photon optomechanical coupling with the rel-
ative motion, gq = c(∂δk/∂q)xzpm (with xzpm =
√
~/Mωm
the size of the zero-point motion of a mechanical resonator
with mass M and frequency ωm) is achieved when q  L and
q + φk(0) ' ppi/k(0) (integer p), i.e., very close to a resonance of
the inner cavity formed by the two membranes, especially in
the limit Rm → 1.
The possibility to enhance the optomechanical coupling
with N membranes within a Fabry–Pe´rot cavity has been first
pointed out in Refs. [28, 29]. Here we focus on the case of
N = 2 membranes in more detail, benefiting from our approx-
imate analytical solutions of the cavity resonance presented in
Sec. II. We derive the conditions under which one can achieve
extremely large values of the derivative ∂δk/∂q ' ∂δk/∂q′ and
therefore of gq, by elaborating on Eq. (15) and on its zeroth
order approximation, and we also derive simple analytical ex-
pressions for the dependence of gq upon Rm. We fix from
now on the CoM coordinate Q at a small value Q ' 0 and
focus only upon the q′ dependence of δk. One can verify that
δkm has the maxima and minima close to q′ = 2ppi/k(0)m (inte-
ger p) for m even and at q′ = (2p + 1)pi/k(0)m for m odd, and
that the maximum shift is always bounded by |δk|max = 2pi/L,
which is approached for Rm → 1. This is due to the fact that
for the one-membrane case, the maximum frequency shift is
|δk| = pi/L (corresponding to Rm = 1), which occurs when the
membrane is placed at the antinodes of the wave. Similarly,
the same amount of frequency shift is induced by inserting
the second membrane at the antinodes. Let us consider the
case of odd m in order to fix the ideas. Fig. 2 shows that a
large derivative |∂δk/∂q′| (q′ = q when φ = 0) is achieved
between two successive maxima and minima, at a value ex-
actly given by q′ = (2p + 1)pi/k(0)m . This fact, and the fact
that F˜ in Eq. (13) is a function of kq′ only, suggest to write
k(0)q′ = (2p+ 1)pi+ k(0)δq′ ≡ (2p+ 1)pi+ε, and look at the be-
haviour of the shift δk around ε = 0. In fact, we expect that the
maximum derivative and therefore the strongest optomechan-
ical coupling, is achieved at a membrane distance q smaller by
φ
k(0)m
from the inner cavity resonance condition (2p + 1)pi/k(0)m .
After some algebra, we can rewrite alsoA(kq′),B(kq′), and
F˜ (kQ, kq′) as a function of ε, obtaining
A(ε) = Tm + 2Rm sin2 ε,
B(ε) = Rm sin(2ε),
F˜ (kQ, ε) = 2
√
Rm cos(2kQ) ε√
T 2m + 4Rmε2
,
(19)
where Tm = 1 − Rm. Using the zeroth order solution of the
implicit equation Eq. (15), we then obtain the derivative of δk
with respect to ε. Neglecting high order terms of ε in ∂δk/∂ε,
one then gets
∂δk
∂ε
' − 1
L
2
√
Rm
Tm
[
cos(2k(0)Q) +
√
Rm
]
. (20)
As a consequence, one has that the single-photon coupling of
the relative motion of the two membranes is given by
gq = c
∂δk
∂q
xzpm ' c
(
∂δk
∂ε
∂ε
∂δq′
)
xzpm (21)
' −ω0
L
2
√
Rm
Tm
[
cos(2k(0)Q) +
√
Rm
]
xzpm (22)
= −cos(2k
(0)Q) +
√
Rm
Tm
gsing, (23)
corresponding to an enhancement by the factor [cos(2k(0)Q) +√
Rm]/Tm with respect to the maximum coupling of the sin-
gle membrane case, gsing = 2
√
Rm(ω0/L)xzpm. Therefore if
Rm is sufficiently close to 1, by placing the two membranes
at the cavity center and with a carefully calibrated distance
between them, one can achieve a strong single-photon cou-
pling regime. Strong optomechanical coupling with the rel-
ative motion q implies strong coupling with each membrane,
because one has (for identical membranes) g1 = gQ/2−gq and
g2 = gQ/2 + gq. Notice that there is no enhancement of the
CoM coupling gQ (also refer to Fig. 2(a)).
However, Eq. (23) is valid when Rm is not too close to unity
and cannot be extended to the case of arbitrarily small Tm,
i.e., one cannot achieve arbitrarily large coupling. In fact, this
equation has been derived from the zeroth order solution for
δk which is no more valid when the first order term becomes
relevant, i.e., when |h′(k0)| ' |(q/L)dq| . 1, which occurs just
when Rm → 1, when dq becomes very large. Using this fact,
one has
|gq| =
∣∣∣∣∣ω0L xzpm dq
∣∣∣∣∣ ≤ ∣∣∣∣∣ω0L xzpm Lq
∣∣∣∣∣ = ω0q xzpm = gmaxq , (24)
suggesting that the single-photon coupling can achieve at best
the standard value corresponding to the small inner cavity of
length q formed by the two membranes, in the limit of highly
reflective membranes Rm → 1. This coincides with the re-
sults of Refs. [28, 29, 39] and it is also confirmed by Fig. 2(c),
where the numerical solution of the implicit equation for the
frequency shift for extremely small values of Tm is shown.
The saturation of the optomechanical coupling to a value
which corresponds just to gmaxq of Eq. (24) when Rm & 0.9999
is evident. Therefore, comparing with the expression for the
6single membrane case used in Eq. (23), one has that approach-
ing the limit Rm → 1, the single-photon optomechanical cou-
pling rate is enhanced by an optimal double-membrane setup
with respect to the single membrane case by the factor∣∣∣∣∣∣gmaxqgsing
∣∣∣∣∣∣ = L2q . (25)
Taking L ∼ 1 cm for the cavity length and an achievable value
q ∼ 10 µm, which also guarantees that the high reflectivity of
the membranes is not affected by near field effects, this corre-
sponds to a significant increase by three orders of magnitude.
The physical argument at the basis of such a huge enhance-
ment of the coupling when Rm → 1 is that the optimal value
for the membrane distance, q ' ppi/k(0) − φk(0) , corresponds
to a field configuration in which the inner cavity formed by
the two membranes is filled with a high intensity field, with
a very weak field leaking out into the external cavity. In this
case an infinitesimal change of the membrane distance corre-
sponds to a big variation of the resonant frequency of the op-
tical system and therefore to a large parametric radiation pres-
sure coupling. In this regime one can achieve large coupling:
the price to pay is that one needs an increasingly accurate con-
trol and stabilization of the membrane distance. In fact, it is
possible to verify from the exact solution of Eq. (15) (see also
Fig. 2(b)), that when Rm → 1, the interval of values for q in
which one has a very large coupling becomes narrower and
narrower, and it scales to zero as λTm/2pi. This scaling has
not been discussed in previous treatments (cf., for example,
Refs. [28, 29]) and emerges as a natural consequence of the
analytical expressions obtained in this paper.
A. Effects of the two-membrane system on the cavity finesse
It is important to check the behaviour of the cavity fi-
nesse, and therefore of the cavity mode linewidth, in the con-
figuration corresponding to the significant enhancement of
the single-photon optomechanical coupling. In fact, strong
optomechanical coupling means achieving a large ratio g/κ
which would also facilitate achieving large values of the single
photon cooperativity C0 = g2/(κγm), where γm is the mechan-
ical damping rate. Therefore we have to verify that κ is not
simultaneously increased when large coupling to the relative
motion is established.
The cavity modes are obtained by solving the mode equa-
tion Eq. (9), with the optimal phase δm = kL′ ≡ kL+2φ, which
gives the maxima of the transmission Tmaxc . The transmission
peaks can be approximated by a Lorentzian around the max-
ima, i.e., they can be written as a function of δ′ = δ − δm for a
given cavity mode, Tc ' β2β2+δ′2Tmaxc . The finesse of the cavity
is related to β by the relation Fcav = pi/(2β), and after tedious
but straightforward calculations, one can see that it takes a
relatively simple form when Q = 0,
Fcav =
pi
√
RR2m cos(2δm − 4kq′) − 2RRm cos(2δm − 2kq′) + R cos(2δm) + (1 + R)2Rm sin2(kq′)
(1 − R)(1 − Rm) , (26)
which extends known results [29] to the domain of arbitrary
membrane reflectivity and positions. In Fig. 4, we compare
the finesse of the cavity in the presence of the two mem-
branes with that of the empty cavity without the membranes,
Fcav = pi
√
R/(1 − R), under the same conditions of Fig. 2
corresponding to an enhanced coupling gq. We see that the
finesse is not affected by the presence of the two membranes:
this is an important result, showing that by placing the two
membranes very close to each other and close to a resonance
condition of the inner cavity formed by them, one can strongly
enhance the single-photon optomechanical coupling gq, while
maintaining the same value of the cavity decay rate κ, since
κ = pic/(2LFcav). This result holds in the ideal situation
we have assumed here of negligible absorption and scattering
at the membranes. Recent experiments with high-reflectivity
membranes [34, 38] have shown that optical absorption is ac-
tually negligible, but that scattering losses are responsible for
a reduction of the cavity finesse. However, scattering losses
can be mitigated and finesse reduction can become irrelevant
provided that larger cavity mirrors are used. In any case, it is
reasonable to assume that the cavity decay rate κ will be es-
sentially the same in the one and two-membrane case, so that
using Eq. (25), one has∣∣∣∣∣∣ (g/κ)double(g/κ)sing
∣∣∣∣∣∣ =
∣∣∣∣∣∣gmaxqgsing
∣∣∣∣∣∣ = L2q , (27)
that is, a significant increase, up to three orders of magnitude,
of also the g/κ ratio.
The explicit expression of the maximum value of such a
ratio in the double-membrane case is given by
gmaxq
κ
=
2ω0Fcav
pic
L
q
xzpm, (28)
which is achieved when the coupling gq saturates to its max-
imum value gmaxq , which corresponds to Rm ≥ 0.9999 with
the parameters used in Fig. 2(c). In this case, one reaches
gmaxq /κ ' 1 for the realistic set of parameters L ' 1 cm, q ' 10
µm, Fcav ' 40000, M = 2 ng, ωm = 940 kHz. However,
more importantly, for the recently achieved value of the mem-
brane reflectivity Rm ' 0.998 [34, 38], the numerical results of
Fig. 2(c) show that gq ' 0.66gmaxq , and therefore one can still
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FIG. 4: The finesse Fcav of the cavity in the presence of the two
membranes (red dots) as a function of q = 10.5λ + aλ (Q = 0).
The reflectivity of the membrane and of the mirrors are set equal to
Rm = 0.999 and R = 0.9999, respectively, in correspondence with
the grey curve in Fig. 2(c). The black line denotes the cavity finesse
in the absence of the membranes, i.e., Fcav = pi
√
R/(1−R). Note that
scatter of the data around the black line is due to numerical errors.
The rest of the parameters are as in Fig. 2.
achieve the strong single-photon coupling condition gq/κ ' 1
by simply employing an external cavity with the higher value
Fcav ' 6 × 104. When combined with membrane vibrational
modes with high mechanical quality factors (e.g., of the or-
der of 106), which has been recently shown to be compatible
with high reflectivity membranes [37], this parameter regime
corresponds to single photon cooperativitiesC0 ' 8×105, sig-
nificantly larger than the value C0 ' 8 recently demonstrated
by the single “trampoline” membrane-in-the-middle setup of
Ref. [40]. In this parameter regime, many of the quantum non-
linear phenomena proposed in Refs. [12–21] could be demon-
strated.
IV. CONCLUSIONS
We have studied an optomechanical system of two vibrat-
ing dielectric membranes placed inside a Fabry–Pe´rot cavity.
We have derived the equation for the cavity mode resonance
frequencies, and its zeroth and first order solutions that are
excellent approximations of the implicit mode equation when
the relative and CoM position of the two membranes, q and
Q, are much smaller than the cavity length. These analytical
approximations provide a convenient tool to explore the rich
physics of the system, and a full picture of the optomechanical
coupling depending upon the position of the two membranes
within the cavity. We stress that several of our expressions
extend known results to the situation where the membranes
are not tied to particular locations in the cavity (as opposed to
Ref. [31]), and are more amenable to analysis and give access
to further insight when compared to the generic N-membrane
results first presented in Refs. [28, 29].
We have shown, both numerically and analytically, that
when the membrane reflectivity Rm is close to 1, very large
single-photon optomechanical coupling of the relative mo-
tion is achievable when the inner cavity formed by the two
membranes is close to resonance. We have also derived the
analytical expression of the cavity finesse in the presence of
the two membranes, and verified that, under the same condi-
tions one has strong optomechanical coupling, the cavity fi-
nesse is not appreciably affected by the presence of the two
membranes. As a consequence, one can achieve the single-
photon strong coupling condition gq/κ ' 1 when two high-
reflectivity membranes with the recently demonstrated value
Rm = 0.998 [34, 38] form an inner cavity of length q ' 10
µm, placed in the middle of an external cavity of length L ' 1
cm and finesse Fcav ' 6 × 104. This fact makes the two-
membrane-in-the-middle system a very promising scheme
for the implementation of the single-photon strong coupling
regime of cavity optomechanics.
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